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Bousso entropy bound in self- 
gravitating gas of massless particles 



Abstract The Bousso entropy bound is investigated in a static spherically 
symmetric spacetime filled with an ideal gas of massless bosons or fermions. 
Especially lightsheets generated by spheres are considered. A statistical de- 
scription of the gas is given. Conditions under which the Bousso bound can 
be violated are discussed and it is shown that a possible violating region 
cannot be arbitrarily large and that it is contained inside a sphere of unit 
Planck radius if the number of independent polarization states is small 
enough. It is also shown that the central temperature must exceed the Planck 
temperature in order to get a violation of the Bousso bound for gs not too 
large. 

Keywords entropy bounds, static spherically symmetric spacetimes 



1 Introduction 

The Bekenstein-Hawking formula for entropy of black holes combined with 
the generalised second law of thermodynamics [T] led to an idea that entropy 
of matter contained in a specified region of spacetime should be restricted 
by the area of a specified two dimensional spacelike surface [51[31|31[5] (for 
review on this topic see [6]). R. Bousso formulated a hypothesis of this kind 
which should be valid in general spacetime in all situations where quantum 
effects are not of great importance [4] . The Bousso entropy bound states the 
following. Let (M, g) be a spacetime satisfying Einstein's equations and the 
dominant energy condition. Let _B be a two dimensional spacelike surface 
in M . Consider a null hypersurface L (called lightsheet of B) formed by a 
congruence of null geodesies starting from B orthogonally to it such that the 
expansion 6 of the congruence is everywhere nonpositive and each geodesic 
is terminated if 6* — > — oo, and otherwise is extended as far as possible. If we 
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denote S{L) the entropy of matter on the hghtsheet and A{B) the area of 
B, then the Bousso entropy bound states that S{L) < A(i?)/4. (In all the 
text we use Planck units in which c = 1,G = l,h = 27r, k — I, where h is the 
nonreduced Planck constant and k is the Boltzmann constant.) This bound 
was successfully tested in various situations 6,7,^. Sufficient conditions for 
this bound were formulated in purely local terms by Flanagan, Marolf and 
Wald (FMW conditions) [9]. 

The aim of this article is to investigate the Bousso bound in a special case 
of static spherically symmetric spacetime filled with an ideal gas of massless 
particles (radiation) . For lightsheets generated by spheres the bound reduces 
to a statement that the entropy of the matter contained in a sphere does not 
exceed a quarter of the area of the sphere. 

In the first section a statistical description of bosonic or fermionic radia- 
tion in a stationary spacetime is given. In the second section some properties 
of solutions of the Einstein's equations for static spherically symmetric space- 
time filled with radiation are discussed. In the third section the behaviour of 
the ratio of entropy contained in a sphere and quarter of area of the sphere 
across the spacetime is investigated. Finally the FMW conditions are dis- 
cussed. 



2 Statistical description of radiation 

In this section we apply some results of relativistic kinetic theory and sta- 
tistical mechanics to obtain an energy-momentum tensor of radiation in a 
stationary spacetime and its entropy. The particles of the gas of radiation 
are treated as test particles moving in a mean gravitational field of the rest 
of the gas. 

One particle phase space. In a spacetime (M, g) a classical state of a massless 
particle located at a spacetime point x is described by a future directed null 
vector p € TxM. The set of all such vectors - a future lightcone in T^M - is 
denoted L^- The one particle phase space at an instant of time represented 
by a spacelike hypersurface S in spacetime is formed by the union of future 
lightcones at all the points of E. This phase space is denoted as PSs- Given 
a coordinate systemQa;* on E, we can construct coordinates (cc',pi) on PSe, 
where the momentum coordinates of a particle with fourvelocity p are given 
by Pi = 9{di,p). Using these coordinates, the volume element on PSs can 
be expressed in a particularly simple manner (for details see e.g. [11] ) 

volpss = dx^ A dx^ A dx^ A dpi A dp2 A dp^. (1) 

Density of particles in phase space. In semiclassical considerations a state of 
particle is given by a 6D-cube of volume in the phase space and by speci- 
fication of quantities like polarization or spin. Considering a grandcanonical 
distribution of bosonic or fermionic ideal gas, the mean number of particles in 
certain state is given by Bose-Einstein or Fermi-Dirac statistics respectively. 



^ The Latin indices go from 1 to 3, the Greek ones go from to 3. 
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If we denote the number of independent polarizations gs, the mean density 
of particles in phase space Af (for details on the definition of Af see e.g. [lOl 
[11]) is then given by 

^ = 9s_ ^^iH-^.o)/kTo ^ (2) 

where z — —1 for bosons, z = 1 for fermions, Tq, /iq are constants related to 
the temperature and chemical potential, as we will see later. In a stationary 
spacetime with a timelike future oriented Killing field ^, the Hamiltonian H 
of a geodesically moving particle with fourmomentum p is given by 

H = -g{p,0- (3) 

Energy-momentum tensor. Consider an orthonormal frame in TxM with eo 
future directed timelike. We can define coordinates pi on by pi — g{ei,p) 
and a function po — g{e^,p) — — 6'^ipipj on L^,. The 3-form 

voIl^ -^dpi A dp2 A dp3 (4) 
Po 

represents a volume element on [lOilllj . The energy-momentum tensor of 
a system with density function is given by piJlITT] 

Tfj,^{x) = J Afpfj.p„vo\L^- (5) 

Denote F = y^—^f^ and choose eo ~ £,/F. Then we have H = —Fpo = 
F ^ S^^pipj. After some calculations we obtain the following nonzero compo- 
nents of in the frame 

p ^ Too = 47r|i dq q' (e^^ + z)'' (6) 

P = Tu = ^p., i = 1,2,3, (7) 

where we have introduced a parameter a = /io/ZcTo. For fermions a € (— oo, oo), 
for bosons a € (— oo,0] in order to get nonnegative values of A/". Thus we 
have obtained the perfect fluid form of T^^ with P — ^p, as we expect for ra- 
diation. We see that p and P depend on the spacetime position only through 
F and we can write P = PoF~'^,p = 3PoF~'^, where Pq is a constant de- 
pending only on the constant parameters Pq = Po{To, a, gs, z). 

Entropy. The grandcanonical potential of an ideal bosonic or fermionic 
gas on a spacelike hypersurface S is given by 

= -zkTo^ J^^ In (l + z e-(«-«')/'^-^°) volps,. (8) 



^ In case of photonic black body radiation in equilibrium with walls of cavity a 
is equal to zero. 
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Entropy on S then is Ss ~ —dSls/dTo. To proceed with the integral ([8]), 
consider a field of orthonormal frames along 2J with cq = ^/F and a 
coordinate system on 17. A frame e^(a:) generates a coordinate system pi 
on Lj; as described above. First we will express the volume form ([T]) in terms 
of coordinates {x^,pi). 

Lemma 1 Suppose that d/dx^ = BiCo + A\ej with detA;^ > all over S . 
Let us denote h^^^ = 

+ it.£.ylF'^ and h,j = h^,^{d / dx^Y{d / dx^f . Then 
the volume element (Qp on PSe has the form 

C 

volpss = y/AethTj (1 + dx^ A dx^ A da;^ A dpi A dp2 A dpa, (9) 

Po 



where C'i ~ Bj{A , = Pj^'''' and po — —^JW^piPj. (The proof is given 
in appendix [All 

The term (1 + Ci p^/po) in jl]) splits the integral ([8]) into two terms. The 
term with C^p* will vanish, because the integrated function is odd in pi. 
Introducing spherical coordinates for the momentum part of the integral 
with q — FyJ S^^piPj/kTo, writing Airq^ as 47r/3 dq^/dq and integrating by 
parts we get 

ns = - I d^xy/deth~ FP, (10) 

where P is given by ([7]). For the entropy of radiation Ss = —dils/dTo we 
have 

Se^ d^x^/deth~ a, (11) 

where a ~ FdP/dTQ is a rest density of entropy. For a we get (remember 
that a = fio/kTa) 

= fc 47r|i (^^y dq q'{4q/3 - a) (e'"'^ + z)-\ (12) 

Again a depends on spacetime position only through F and we can write a = 
at)F^^ , where (To is a function of constant parameters <jq = cto(2o, a, gs, z). 

Next we can define a notion of entropy on a lightlike hypersurface, which 
is needed in the Bousso entropy bound. For this we will use the following 
lemma. 

Lemma 2 Let Si,S2 be spacelike hyper surf aces. Suppose that a set of inte- 
gral curves of ^ which intersect Si is the same as an analogous set for ^2- 
Then Ssi — Ss^- (The proof is given in appendix [Bj) 

Definition 1 Let L be a lightlike hypersurface and S an arbitrary space- 
like hypersurface satisfying the condition that the set of integral curves of ^ 
intersecting S is the same as the analogous set for L. It is natural to define 
Sl = Ss- 
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Mean number of particles. The mean number of particles on S is given by 
Ns ~ —dils/diiQ = jpg^NvolpSjj- Following the same lines of argumenta- 
tion as above we get Ns — d^Xyydethij n, where the rest concentration 
of particles n is given by 

n = 4vr|| [f-)' dq (c'^ + z)-\ (13) 

Now we can interpret To,^o in terms of temperature and chemical po- 
tential. The first law of thermodynamics in terms of densities reads dp = 
Tda + fj,dn, where T is the temperature and fi the chemical potential of 
the system. If p,a and n are treated as functions of Tq/F and a, it can be 
shown by explicit calculation that dp — {TQ/F)da + (/io/F)dn. Thus we see 
that T — Tq/F and p = po/F. This agrees with the result of Tolman [T^ . 
which says that a product of T and F is constant across a static spacetime 
in thermodynamic equilibrium. 



3 Einstein's equations 

In this paper we will focus on static spherically symmetric configurations of 
radiation with the energy-momentum tensor given in the previous section. 
Using the standard metric ansatz 

ds^^-F{r)^dt^+(^l-'^^^ 'dr'^+r^dn^, (14) 

the Einstein's equations for functions m{r),F{r) are |13j 

m' = Airr'^p (15) 

, m + Airr'^P , , 

F' ^F — 16 

r{r - 2m) ^ ' 

where P = Po^~* and p — 3P. Prime denotes derivative with respect to 
r. The third equation P' = — (P + p)F' / F, following from the equations of 
motion V^T^'' = is satisfied identically. 

A solution F(r), m(r) of equations (fTB|) is specified by values of pa- 
rameters m(0), -F(O), Pq- We have to set m(0) = in order to get a solution 
regular in the centre. New values of parameters P(0)„eiu = aP(0)oi(i, Ponew = 
a'^Pooid lead to a new solution F„ew{r) = aFoid{r),mnew{r) = moid{r). The 
new solution is isometric to the old one and physical quantities like p{r)^ Pi^) 
remain unchanged. We can use this gauge freedom to put P(0) — 1 without 
loss of generality. 

Let's choose a value Pq of the parameter Pq , define a = Pq/Pq and denote 
F*{r), m*{r) a solution for a = 1. A solution of (|15p . is then specified 
by the value of a and has the form 



F{r;a) — F*{\/ar), m{r;a) = rn* (y/ar) / y/a. (17) 
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The radiation in a static spherically symmetric spacetime has infinite 
extent. This can be seen in the following way. If the matter has finite extent, 
there is a radius rb where P{rb) = and P{r) > for r < r;,. Since 2m{r)/r < 
1 for r < Tb (see theorem 2 in [H]), from pB]) we get that (Ini^(r))' is 
bounded as r approaches rb- But this is not compatible with P = PqF~^ 
and P{rb) — 0. Thus we have P{r) > all over the spacetime. Since m(r) is 
nonnegative, we also have F{ry > for r > 0. 

For r —^ oo the functions F(r), grr{r) have the following asymptotic be- 
haviour [15] 



grr{r) ~ - as r ^ OO. (18) 



4 Entropy bound 

In this section we investigate the Bousso entropy bound for lightsheets gen- 
erated by spheres. Expansion of a null geodesic congruence starting from a 
sphere orthogonally to it is = ±2r~^ EF~^ grr^^ , where -I- is for outgoing 
and — for ingoing congruence and E is a, positive constant. Since F > Q 
and grr > everywhere, the lightsheet of a sphere is formed by the ingoing 
congruence and is ended in r = 0. According to the definition of entropy on 
a lightlike hypersurface, the entropy on the lightsheet generated by a sphere 
r = ro, t = tgis equal to entropy on a slice r < ro, t = to (we shall denote this 
entropy S{ro)). Thus, in this case, the Bousso entropy bound Sl < A(i?)/4 
reduces to the statement 

Sir) < 7rr^ (19) 

in Planck units. Or, defining B(r) = 5'(r)/7rr^, we can write B(r) < 1. From 
(fTTjl . (fT2|) we obtain 

pro 

S{ro)^ / 4nr^^grr{r)aoF{r)-^dr. (20) 
Jo 

However there is another more convenient way how to express S{r). 

Lemma 3 The entropy S{r) of radiation contained inside a sphere of radius 
r in a static spherically symmetric spacetime satisfies 

Sir) . 33^^ Mr): (21) 

where A{r) — 47rr^ is area of the sphere. 

Proof For an analog of Newtonian potential (j) — InF in a static perfect 
fluid spacetime an analog of Poisson equation holds: V^V^0 — A-k{p + 3P) 
|16j . In terms of the L-C connection V associated to the metric induced 
on a surface orthogonal to the timelike Killing field, this can be written as 
V,V*F = 47r(p + 3P)F. Then using a = croP-^, P = Pop-^, p = 3P we get 
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Fig. 1 The dependence B''{r) = S{r)/-Kr'^ for bosons and To — l,a = 0,gs = 1. 

Using the Gauss theorem, the entropy of radiation contained in an open set 
S, which is a subset of the surface orthogonal to the Killing field, can be 
expressed as 

Ss ^ (J vols 
Js 



where is outer normal of dS. If Z' is a ball of radius r in spherically 
symmetric spacetime, n^ViF — F' / ^grr is constant on dH and we get the 
assertion. 




= 2^/a^'^^V,FvoW, (23) 



Now we will show, how the function S(r) depends on the parameters 
To, a, (?s, z. Choose values Tg*, a*,g*, z* of parameters Tq, a, gs, z and denote 
P* = PQ{TQ,a*,g*,z*) and similarly for ctq. Next let us denote 

a = PQ{TQ,a,gs,z)/PQ, (3 = (Jo{To,a,gs, z)/aQ. 

The function S{r) for parameters Tq*, a* , g*, z* is denoted S*{r) and similarly 
for B*{r), grrir), etc. Using p?| and expressing grr according to (fT4)) we get 
grr{r; a) = g*^{^/ar). Then using and (HIl) we get 

S{r;To,a,g,,z) ^ l3a-^^^S*{V^r), (24) 
B{r;To,a,gs,z) ^ Pa-'^^B*iV^r). (25) 

Since Pa'-'-^^ is proportional to Tq , we see that the bound B{r) < 1 can be 
easily violated, e.g. by choosing Tq sufficiently high. To protect the entropy 
bound we have to impose a kind of Planck scale cutoff as is usual in litera- 
ture [Sllllll]- First we will show that for gs small enough the entropy bound 
can be violated only if the temperature in the centre is of order of Planck 
temperature or higher. Moreover we will show that the violating region is 
always contained within a sphere of unit Planck radius for gs small enough. 
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For the rest of the text we choose Tq* = l,a* — 0,g* = l,z* — —1. The 
function B*{r) is depicted in Fig. [1] The picture was obtained numerically 
with help of MAPLE. Curves with arbitrary values of Tq, a, g^, z differ from 
the depicted curve only by a rescaling of the axes given by (PSI) . 

From the graph we see that the function B*{r) has a global maximum, 
which we denote Bj^aa; ^^'^ from (fTS]) . ([2T|) we get that B*{r) decreases to zero 
like r~^/^ when r goes to infinity. The value of the maximum is approximately 
^max — 0.2126 (Planck units). To express the To,gs dependence of a,/3 
explicitly we write a = agsTg, (3 = PggT^, where a,/3 depend only on a, z. 
From ([25]) we get 

Bjnax{TQ,a,gs,z) ^ Pa^^/^^ToB^^^ (26) 

for a maximum of B{r) for general values of the parameters. For given values 
of a, (7s, z there is a critical value of temperature parameter Tq — Tc for which 
Bmax — 1- The entropy bound is violated if and only if Tq > Tc. From (j26p 
we get 

T,(a, 5„ z) = p-^a^/^g-^/^/Bl,,,. (27) 

Let us find a lower bound for Tc{a, gs, z). The details on a{a, z), P(a, z) are 
given in appendix [Cl The function /3~^a^^^{a,z) is depicted in Fig. [5] For 
a — > — oo the function /3~^a^/^(a, z) increases exponentially in both cases 
z — ±1. For bosons {z = —1, a g (— oo, 0]) the minimal value of (3~^a^^'^{a, z) 
is /3~^q;^/^(0, —1) = 1. For fermions (z = 1, a e R) j3~'^5?-/'^{a, z) approaches 
2/-\/T5 from above as a — > oo. So we have /3~^a^/^(a, z) > 2/\/TE and using 
(P7)) we can formulate the following lemma. 

Lemma 4 The Bousso entropy bound for lightsheets generated by spheres 
in a static spherically symmetric spacetime filled with radiation is violated if 
and only if Tq > Tc, where Tq is the temperature of radiation in the centre 
of symmetry and Tc, given by |^7[), satisfies 



2 1 2.429 

Tc > ^ ~ ^^Tpianck- (28) 

If gs is of order of unity, the temperature parameter Tq (temperature in the 
centre) must be of order of Planck temperature or higher in order to get a 
violation of the entropy bound. 

Next we will show, that for arbitrary value of Tq > 0, arbitrary value 
of a (i.e. a < for bosons and a e R for fermions) and for g^ sufficiently 
small, a spacetime region where the bound B{r) < 1 is violated is contained 
in a sphere of unit Planck radius. If the values of parameters are chosen such 
that there is a region where B{r) > 1, there are exactly two points, where 
B{r) = 1, as we can see from the Fig. [T] Let us denote Tc the bigger value of 
r, where B{r) — 1. The region violating the bound satisfies r < rc- Now we 
will express rc as a function of the parameters and we will show that rc < Ip 
for gs small enough. 

Suppose that the values of parameters To,a, g^, z are chosen such that the 
region B{r) > 1 exists. Using B{rc; Tq, a, gs, z) = 1 and (^5]) we get 

B*{V^rc) = (29) 
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Fig. 2 The dependence f3 ^&^^^{a, z). For a < the curve for bosons (the lower 
one) doesn't differ significantly from the curve for fermions. 

Instead of Tq a parameter 7 = ^/a/ 13 = T^^gs ^^^^/a/P can be used. Since we 
suppose that a region B{r) > 1 exists, the equation (|29p has to have a solution 
for Tc and therefore 7 G (0, B^^^^). Denote C{B*),B* e (0, -B*naa;) inverse 
function of the decreasing part of B*{r). Using ((29)) we get Vc = (7(7) /i/a. 
Since C(7) is a one to one function, we can define a new parameter x = C^j) 
instead of 7. The range of x is x g {rmax,oo), where rmax is the value of 
r, where B*{r) achieves its maximum. In terms of parameters x,a,gg,z the 
radius rc reads 

= y/^P^a-^/^ xB*{xf. (30) 

Let's find an upper bound for the function rc{x,a^gs,z). The function 
I3'^a~'^^'^{a, z) is depicted in Fig. [3] and we see that it has a maximum at 
a = for both z = ±1. The values of /^^^-^/^(O, z) are /325-3/2(0, -1) = 1 
and ^25,-3/2(0^ 1) = ^7/8^ so we have j3'^a-^/'^{a, z) < 1. 

The dependence xB*{x)^ is depicted in Fig.[4l From this we see that the 
function xB*{x)^ has a global maximum and from (|2ip we get that 

it approaches (2/3)'^/\/357r as r goes to infinity. The value b of this global 
maximum is approximately b = 0.0392 (Planck units). Collecting all the 
results together we get the following conclusion. 

Lemma 5 The Bousso entropy bound for lightsheets generated by spheres in 
a static spherically symmetric spacetime filled with radiation can be violated 
only in a region r < r^, where rc, given by i30\} . satisfies 

rc < « y/g^ 0.0392 

Planck ■ 

(31) 

For gs of order not larger then 10^, rc will be of order not larger than unit 
Planck length. We cannot expect that physics used here for description of 
gas and gravity remains valid on such scales. So we can say that for gs small 
enough the entropy bound B{r) < 1 is valid on scales where classical physics 
makes sense. 
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Fig. 3 The dependence /3'^a~'^^^{a, z). The upper curve in a < region is for 
bosons. 



5 FMW conditions 

The sufBcient conditions for Bousso entropy bound derived by Flanagan, 
Marolf and Wald (FMW conditions) [9] read 

I kf^k^V^s, I < aaT^^fe'^/c" (32) 

for an arbitrary null vector fc'^, where s'^ = a^^ / F is the entropy flux and 
ai,a2 are arbitrary positive constants satisfying (Trai)^/'* -I- (a2/7r)^^^ — 1. 
In case of a stationary radiation gas these inequalities reduce to 

2 

^T-2<ai, ^v'V^FVA'F<a2. (33) 

Comparing ([33]) and ([2T|) and using V ^FV^F = F'"^ j g„ we see that the 
second FMW condition in case of a static spherically symmetric spacetime 
filled with radiation can be written as S{r)/TTr^ < a2/67r. Following the lines 
of argumentation by which we showed that the inequality S{r)/Trr'^ < 1 is 
equivalent to Tq < Tc, where Tc is given by (|27p . one can show that the 
second FMW condition is equivalent to Tq < (a2/67r)Tc. 

Using the fact that F{r) is an increasing function and F{0) = 1, the first 
FMW condition can be written as (fT§/4Po) < Q^i- After a short calculation we 
get an equivalent expression of this condition: Tq < Tci?j^^j.(45ai/2)^/^/7r. 

Denoting 1/A the smaller of B^^^{45ai/2y/^ /n and a2/67r, the set of 
conditions (j33p is equivalent to 

To < jT,. (34) 

Since ai,Q;2 are positive and satisfy (ttoi)^/^ -|- (a2/7r)^/^ = 1, the smallest 
possible value of A is A = {ir^/'^B^rraJ^ {'^5/2)-^/'^ + 6^/2)2 ~ 23.03. So the 
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Fig. 4 The dependence rB''{r)^ in logarithmic scale. 

restriction of temperature imposed by the FMW conditions is at least 23 
times more strict then restriction imposed directly by Bousso entropy bound 
for lightsheets generated by spheres. However, the FMW conditions imply the 
Bousso entropy bound for general lightsheets, not only for that generated by 
spheres. But even if the FMW conditions would impose stronger restrictions 
on parameters than the general form of the Bousso bound, it would not be 
surprising, since the FMW conditions are only sufficient and not necessary 
for the Bousso bound. Using (|^ we get a sufficient condition for the general 
form of the Bousso bound 

To < 0.105 g;'/^Tpianck- (35) 

The region where the FMW conditions are violated is always larger than 
the region where the Bousso bound for spherical lightsheets does not hold. 
This can be seen if we take the second FMW condition in the form B{r) < 
a2/67r and we realize that the highest possible value of 012 is 012 = tt. The 
range of r where B(r) > a2/67r is always wider than the range where B(r) > 
1. Let us denote rpMwi {rFMW2) the largest value of r where the first 
(second) FMW condition is violated and rpMw the larger of the quantities 
rpMWi and rpMW2- There is no simple relation between Tc and rpMW like 
in case of temperature, but we can at least derive an upper bound for rpMW- 
Repeating the argumentation which led to the formula (|5D|) we obtain 

rpMWi = ^Vg'J^^-''^^ xiF*ixi)-\ (36) 
45ai 

rpMW2 = (^^) x2B*{x2f, (37) 

where xi € (0, 00) and X2 G (j'max, 00) are certain parameters which are used 
instead of temperature. We already know that /3^Q!~^/^ < 1 and X2B*(x2)^ < 
0.0392. Furthermore, the function xiF* (xi)~'^ has similar behavior as the 
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function X2B* (x2)^. It achieves its maximum and then it approaches a nonzero 

value by damped oscillations. The maximal value of a;i_F*(a:;i)~^ is approxi- 
mately 0.2875. Thus, we obtain the following upper bounds 

27r2 

Tfmwi < 77 — 0.2875 Ipunck, (38) 

(Gtt \ 
— j ■0^9'^ I Planck- (39) 

Denoting T the larger quantity of 0.2875^ and 0.0392 (||)^ the bound 

for rpMW can be written as Tfmw < VsT ^- Minimizing T by appropriate 
choice of ai and a2 we obtain Y = 12.58. Thus, the final bound reads 

Tfmw < ^/g^l2.58 Ipunck- (40) 

It means that for appropriate choice of a\,a2 (namely for values a\ = 
0.0100 and = 1.0522) both of the FMW conditions are satisfied for 
r > y^l2.58 Ipianck no matter what are the values of parameters Tq, a, z. 

6 Conclusion 

It was shown that the entropy S{r) contained inside a sphere of radius r in a 
static spherically symmetric spacetime filled with a gas of massless particles 
can be expressed as S{r) = (To/(247rPo) F{r) A{r), where A{r) = Airr^ is 
the area of the sphere, F is the norm of a timclike Killing field, dot denotes 
derivative with respect to the proper radius and (To,Po are entropy density 
and pressure in the centre of symmetry. The Bousso entropy bound for light- 
sheets generated by spheres was investigated and it was shown that a viola- 
tion of the bound can occur only in a region satisfying r < ^Jgl 0.0392 Ipianck, 
where Qs is number of independent polarization states. It means that for Qs 
small enough, the bound is satisfied on scales where classical physics makes 
sense. Furthermore it was shown that a central temperature of radiation Tq 

— 1/2 

must exceed 2A29gs Tpianck to get a violation of the bound. Thus for 
gs small enough the bound can be protected also by a Planck temperature 

— 1/2 

cutoff. If To < 0.105 Qs Tpianck the Bousso bound holds for general light- 
sheets (not only for that generated by spheres) as was derived using the 
FMW conditions. 
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A Proof of lemma 1 

From definition of pi and pi we get pi = Bipo + Ajpj . The Jacobian of the trans- 
formation x^,pi — > x^,pi reduces to det{dpi/ dpj) , which can be expressed using an 
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identity det{Sj + a''bj) = 1 + a'bi as 

det{dp,/dp,) = det(A^)(l + p/po)- (41) 

Now we will show that the determinant (|4T| is positive and therefore the considered 
coordinate transformation preserves orientation. For the induced metric on S we get 
gij = g{d/dx\d/dx') = -B,Bj + AlA^i. From this we get (^-')U^"')i5ij' = 
—CkCi + Ski- Since E is spacelike, Qij as well as {A-%{A-^)\ Qij must be pos- 
itive definite. Therefore { — CkCi + <5fei)p*p'/(Po)^ must be positive. This implies 
{Ci p^/po)^ < 1. The det(j4^) is positive by assumption, thus all the expression 
(|41|) will be positive. The det(^;) can be expressed as 

det(A^) = ^Jd^MA^A^^ = y/det{g,j + B,Bj) = ^/d^th~, (42) 

because Bi = ~g{d/dx^,eo) and eo — £,/F. This gives the result. 



B Proof of lemma 2 

Consider a coordinate system t, with dt ~ (, such that Ei is given by t = 
and S2 is given hy t = f{x''). Define coordinates x\ = x''\si on Si and X2 = 
x''\z:2 on ^2- Since Si and 172 are intersected by the same set of integral lines 
of ^, the range of x\ and X2 is the same. Further we use the following notation: 
h,j = h^,{d/dx'Y{d/dx'y , hlj = h^^{d/dx\Y{d/dx{Y and similarly for h% and 
oi = a\Ei, (72 ~ o-\s2- Now consider points p £ Si and q £ S2 lying on the same 
integral line of ^, i.e. x\{p) = x\{q). Since d/dx\ = (df/dx')^ + d/dx\ d/dx\ = 
d/dx'', /ip^^" = and /i^j. = K^, we get h^Aq) = hij{q), h\Ap) = hij{p). Since 
'^C^f — Oj ^iP' = 0: ^i9iJ.f = we have C^h^v ~ and therefore hij doesn't 
depend on the position on an integral line of ^. It implies that hlj{p) — hfj{q) 
and therefore the functions hlj{x\) and hij{x2) are the same. Since a = aoF~^ 
and F{p) = F{q), also functions ai{x\) and a2{x2) are the same. Thus we get 
Ss^ = Ss^ ■ 



C Properties of Pq, ctq, a and (3 

The constants Po,o"o are given by 



|fjTo*/ d,,^(e-" + .)-\ (43) 



'^0 = Trrro / dq q\4q/3 - a) (e"'" + z) \ (44) 



For To = 1,0 = 0,5s = l,a = -1 we get Po = Pq = i"^/90 and ao = = 4Pa . 

The functions a = Po/(fo5s7o) and /3 = ao/{aogsTi) can be expressed in terms 
of the polylogarithm function 

90 

a = j2Li4(— ze"), (45) 

45 a a 

/3 = — — 2:(-4Li4(-2e'') + aLi3(-ze")). 
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For s > 1 and \y\ < 1 the polylogarithm is defined as Lis(y) — X/^i f^" ■ This 
expansion can be used in (|45|l for a < 0. For fermions {z = 1) and a > one can 
use another way how to express a, /3 

^ ^ + i + 1^ (4Li4(-e-") + aLi3(-e-'^)). 
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